The main idea: split a group into 2 smaller pieces of lower dimensions for induction. Definition 1. A Z-module (or Zmod) is an abelian group. We use this terminology to remind us of linear algebra (where a vector space over R is actually a R-module, once we learn module theory, not that it matters here). In everything that follows, every object will be a Zmod, and every arrow a group homomorphism (unless mentioned otherwise). We also call a group homomorphism a linear map in this note (Z-linear, to be exact). Also, every equality should be understood as an isomorphism (isomorphism = things are basically the same).
Theorem 2. Some minor facts about exact sequences:
1. 0 → A → B is exact iff A → B is monic (injective).
A → B → 0 is exact iff A → B is epic (surjective).
3. 0 → A f − → B g − → C → 0 is exact (everywhere) iff f is injective, g is surjective, A = Ker(g), C = Coker(g) = C/ f (A) (by the Isomorphism theorem). We call such a sequence a short exact sequence (SES). As f is injective, we can, under isomorphisms, assume A ≤ B and the sequence can be rewritten as
where the maps are obviously inclusion and projection. Obviously A and C have smaller size than B if B is finite. This is how we split things. All the short sequences in this note (starting and ending with 0) are SES.
Definition 3.
A Zmod G is free iff G ⊕ i∈I Z (direct sum) for some set I (possibly infinite). We note that in finite dimensions (I finite), the direct sum is just the Cartesian product ⊕ i∈I Z = Z |I| . In infinite dimensions, the direct sum is different from the Cartesian product (a member in the Cartesian product can have infinitely many nonzero coordinates/components, while a member in the direct sum can only have finitely many nonzero coordinates). But we don't care about infinite dimensions here. Unless mentioned otherwise, everything that follows is of finite dimensions. A Zmod G is f.g. (finitely generated) iff there is an epic map Z k G for some k ∈ N. Let A be the kernel of the map, and we have the SES 0 → A → Z k G → 0, so G = Z k /A and every f.g. Zmod is a quotient of a free Zmod of finite dimensions.
A Zmod G is Noetherian if every submodule (subgroup) of G is f.g. (trivial exercise: prove that this is equivalent to the property that every increasing sequence of submodules must eventually stop increasing). 
Remark 5. We can actually take this as the real definition of the direct sum. If you happen to know the language of category theory, this makes the direct sum the coproduct in the category Zmod. We also take care to point out this should not be confused with
There is a trivial fact regarding that:
Proof. Just work on each coordinate. Proof. The idea is that defining a linear map on Z k is very easy, as it's just about defining a function (any arbitrary function) on the set of basis elements such as (0,...,0,1,0,...,0). By linearity, a linear map is completely determined by its values on the set of basis elements, so we only care about the basis elements. Let x be a basis element, then
Then f is automatically generated by its values on basis elements.
Remark 8. We call this the projective property. I memorize it as factoring a projection into it. Every free Zmod is projective. There is an important corollary, which allows us to "reflect" the projection map at the end of a SES into an inclusion map:
Proof. So Z k = C = B/A and A ≤ B. By projectivity, we can factor
As Id is monic, so is f and we can assume C ≤ B with π(C) = C, π(c) = c ∀c ∈ C. As A = Kerπ, conclude
Theorem 10 (Splitting things). Let 0 → A − → B − → C → 0 be a SES. Then 1. If A and C are f.g., so is B.
2. If A and C are Noetherian, so is B. Conclude Z k is Noetherian.
3. If A and C are free, so is B, and B = A ⊕ C.
Proof. I used to say in jest that I draw arrows for a living. It is a good thing to ignore this proof, and try to prove it yourself.
Remark 13. As it turns out, by splitting the problem into pieces of lower dimensions, we see that the structure theorem is essentially equivalent to the 1-dimensional case: every subgroup of (Z, +) is cyclic. And if you still remember, it's the first theorem I showed you in the course, used to prove Bezout's little lemma. So, once you learn ring theory, which concerns objects that act like generalizations of Z, if the structure theorem (over the ring) is true in the 1-dimensional case, then it is true for any dimension k ∈ N. Such rings are called PID, which you'll learn later.
Another thing worth mentioning is that, by an exercise earlier, we see that M is Noetherian, so Noetherian = f.g. in Zmod.
After the whole journey, it might be useful to think about how much of what we proved actually contains new insights (projectivity / reflection etc.), and how much is actually just syntactical sugar which simplifies our notation (e.g. SES). Indeed, much of the proof could be done directly and without diagrams, but for more difficult problems, there can be too many objects and functions to keep track of, so eventually we'll need good notation.
As a closing remark, this viewpoint originates from category theory and homological algebra. Category theory, loosely speaking, is the study of objects and arrows, endearingly called "abstract nonsense" by fellow mathematicians. Specifically, it concerns the idea that we should not study an object by looking at its contents (or members), but by how it is related to other objects. As they say, you can judge a man by his friends, and so an object is completely determined by how it is related to everything else (the proof of this is called Yoneda lemma). Homological algebra, loosely speaking, is the study of "almost exact" sequences. Students will often encounter it when they learn Stokes' theorem, and see things like curl • grad = 0, and div • curl = 0. So we have some "almost exact" sequences, and measuring how much those sequences fail to be exact is a major topic of algebraic topology (just google "de Rham cohomology"). You can also look up my math 32B notes about Stokes' theorem. I was not entirely joking when I said the structure theorem is essentially the Stokes' theorem of algebra, as they both involve sequences, and are reducible to the 1-dimensional case (for Stokes' theorem, the 1-dimensional case is called the Fundamental Theorem of Calculus, which you might have heard of, while for the Structure Theorem, it's the Fundamental Theorem of Arithmetic).
